
Consider a system  x’ = Ax  where  A  has an 
eigenvector with eigenvalue      = 1 + 3i.

3. Which of the following are solutions?

a.

b.

4.  Which of the following are solutions?

a.

b.
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8.1 Matrix exponentials and linear systems

We learn
• a new approach to solving homogeneous 

systems
• how to solve homogeneous systems when 

the matrix is not diagonalizable 

Vocabulary:
• fundamental matrix of a linear system
• Matrix exponential
• Nilpotent matrix

A different approach when the matrix is not 
diagonalizable is described in section 7.6 in 
terms of generalized eigenvectors and 
generalized eigenspaces. This is done in more 
advanced courses like Math 4242.

e
.g. (88 = 188)
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= maxix A with A =O
for some n.



Page 479 question 2
Find a fundamental matrix of the system and 
solve the initial value problem, where

(2) = (2-2](= )

x =Ep2] ,
x(0) =() = [2i) () = [ ](]

Somation : Char poly = (2-1)
=

4 = x (x - 4) =
Ende-vectors : =0. Null2] has

Symbolically x (t) = (t) [
basis 12a [=2) nadais (2). x(0) = #(0)2

1 = = #(0
+
x(0)

General solution <(2) +<e**(2) Finally() = I () E(0) x (0) .

-

=effe e atix
A fundamental maxix for the system
is amatrix whose columns area basis

Impose the initial condition for the solution space.

= (0) = (2 =2)(2) = (7, ] It is not unique .



Definition.
A fundamental matrix for a system  x’ = Ax  is a 
matrix        whose columns form a basis for the 
space of solutions to the system.

Theorem.  Let be a fundamental matrix 
for  x’ = Ax,  and suppose there is an initial 
condition  x(0) = x_0.  Then the solution to this 
initial value problem is

↳
I

* #) = () (0) 0 ·



Definition.
The exponential of an  n x n matrix  A  is

Properties:

1.  e^{A+B}

2.  e^0

3. (d/dt) e^{At}

Page 480 question 23.  Show that the matrix  A  is 
nilpotent.  Find  e^{At}  where

et = I +A + 1, A + +A + ... A =1=3 !

This always converges .

At is a many Solution :

do
sum ofwhere in each only we have a spodts-

I
Dividing byd

At = 00.0
-

2) A3 =000)of d of the enties of A .

I
we get convergence in each entryof et.

weneed profe and
ef=At t

commute
=O
2work. 0-2t
L

and his works If ABA- == I

= A At
=[ t-y

(by doing A AE = O + An A

= A At



Theorem 2.  The solution to  x’ = Ax,  x(0) = x_0  
is

Proof.

Like page 480 question 25:
Solve  x’ = Ax,  x(0) = (1,2,3)  with  A  as in 
question 23.

- 1 -3)* (t) = eAto [
(et

+<) = A et
+

xo so

x=exo satisfies the equation ,and
x(0) = X

o

A=
Completed after classi
x(t) = ett/2] = (

computed onthe lastpage
&



Theorem 3.

Proof.

Like question 9.
Compute  e^{At}  when  A = 

Question 26.
Solve the IVP  x’ = 

At= (A) - G(0)
· ( , 1 ) = (-0)

Both sides appear in
solutions

to X' = AX
, Xo

= x(0) for every Xo :
Note (% ] is not diagonalizable and

x = et
+

xo = Q(0)" xo ]
the e-ral/e-rac approachdoesn'thelp .Also 1737 is not hilpotent -

Solution
/ (i9]t

We calculate e(2) (3)t +1,98][ ↳ift
.

Lit
= e =C

Solution : The fundamentalmaxfor because 50] , (8) commute,
x =Ax is =] and We get (e? .(ii)
P(01" FEE )
and ext = 10)"= (3)

+ =(1)+ =i)( -
4t

= zete I O[ 4t

= (1 +a
+ 2! a+

1+ b +2,b +...] = (0b]O



What is  e^{At}  when  A = 

a.

b.

c.

d.

e.  None of the above.

Another question: what is  e^{Bt}  whenPre-class Warm-up!!!
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